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 An 𝑅 −module 𝑀 is called a multiplication module if each submodule of 𝑀 is a product 

of an ideal of 𝑅 by the module and it is called a faithful module if 𝑎𝑛𝑛(𝑀) = 0. 𝑀 is 

called a locally multiplication module if 𝑀𝑃 is a multiplication module for each prime 

ideal 𝑃 of 𝑅 (due to the local ring 𝑅𝑃 on which the module 𝑀𝑃 is defined). In this paper 

we explore some new properties of faithful locally multiplication modules. 
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Introduction. 
     Throughout this paper, 𝑅 is a commutative ring with identity and 𝑀 is an 𝑅 −module, unless otherwise 

stated. Let ∅ ≠ 𝑆 ⊆ 𝑅, then 𝑆 is called a multiplicative system if 0 ∉ 𝑆 and 𝑎, 𝑏 ∈ 𝑆 implies that 𝑎𝑏 ∈ 𝑆 [12]. 

If 𝑆 is a multiplicative system in 𝑅, then the localization of 𝑅 at 𝑆 is denoted  by 𝑅𝑆 (or 𝑆−1𝑅 [12]), which is 

the ring 𝑅𝑆 = {
𝑟

𝑠
: 𝑟 ∈ 𝑅, 𝑠 ∈ 𝑆} [12] and it is called the localization of 𝑅 at 𝑆. If 𝑃 is a prime ideal of 𝑅, then one 

can easily get that 𝑅 ∖ 𝑃 is a multiplicative system in 𝑅. In this case, the localization of 𝑅 at 𝑅 ∖ 𝑃 is denoted 

by 𝑅𝑃, so that 𝑅𝑃 = {
𝑎

𝑝
: 𝑎 ∈ 𝐴, 𝑝 ∉ 𝑃} and note that 𝑅𝑃 is a local ring with 𝑃𝑃 as its unique maximal ideal [12]. 

Now, for (𝑥, 𝑠), (𝑦, 𝑡) ∈ 𝑀 × 𝑆, define (𝑥, 𝑠)~(𝑦, 𝑡) if and only if there exists 𝑣 ∈ 𝑆 such that 𝑣(𝑠𝑦 − 𝑡𝑥) = 0. 

This relation is an equivalence relation on 𝑀 × 𝑆 [12]. The equivalence class of an element (𝑥, 𝑠) ∈ 𝑀 × 𝑆 is 

denoted by 
𝑥

𝑠
, so that 

𝑥

𝑠
= {(𝑦, 𝑡): (𝑦, 𝑡)~(𝑥, 𝑠)} and the set of all such equivalence classes is denoted by 𝑆−1𝑀 

(or 𝑀𝑆). That is,  𝑀𝑆 = {
𝑥

𝑠
: (𝑥, 𝑠) ∈ 𝑀 × 𝑆}. On 𝑀𝑆, define: 

𝑥

𝑠
+

𝑦

𝑡
=

𝑡𝑥+𝑠𝑦

𝑠𝑡
 and 

𝑟

𝑢

𝑥

𝑠
=

𝑟𝑥

𝑢𝑠
, for all 

𝑟

𝑢
∈ 𝑅𝑆,

𝑥

𝑠
,

𝑦

𝑡
∈

𝑀𝑆. It can be shown that 𝑀𝑆 forms an 𝑅𝑆 −module under these two operations and it is known as the quotient 

module, or a module of quotients [12]. For a prime ideal 𝑃 of 𝑅, the 𝑅𝑃 −module 𝑀𝑃 is called the localization 

of 𝑀 at 𝑃 (due to the local ring 𝑅𝑃 on which the module 𝑀𝑃 is defined). If 𝑁 is a submodule of 𝑀, then (𝑁: 𝑀) =

{𝑟 ∈ 𝑅: 𝑟𝑀 ⊆ 𝑁} is an ideal in 𝑅 [3], in particular, if 𝑁 = 0, then (0: 𝑀) = {𝑟 ∈ 𝑅: 𝑟𝑀 = 0} is  an ideal of 𝑅, 

which is known as the annihilator of 𝑀, 𝑎𝑛𝑛(𝑀) [3] and 𝑀 is called a faithful module if 𝑎𝑛𝑛(𝑀) = 0 [3]. In 

particular, if 𝑁 is a submodule of 𝑀, then the annihilator of 𝑁 is 𝑎𝑛𝑛(𝑁) = (0: 𝑁) = {𝑟 ∈ 𝑅: 𝑟𝑁 = 0}. We 

consider 𝑅 as an 𝑅 −module and 𝐴, 𝐵 are ideals of 𝑅, then (𝐴: 𝑅) = {𝑟 ∈ 𝑅: 𝑟𝑅 ⊆ 𝐴} and (𝐴: 𝐵) = {𝑟 ∈

𝑅: 𝑟𝐵 ⊆ 𝐴} which are ideals of 𝑅. 𝑀 is called a multiplication 𝑅 −module if for each submodule 𝑁 of 𝑀, there 
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exists an ideal 𝐴 of 𝑅 such that 𝑁 = 𝐴𝑀 [2] and 𝑀 is called locally multiplication module if 𝑀𝑃 is a 

multiplication module for each prime ideal 𝑃 of 𝑅 [6]. 𝑀 is called finitely generated if 𝑀 contains a finite 

generating set, that is there exists a subset 𝑆 = {𝑥1, 𝑥2, … , 𝑥𝑛} ⊆ 𝑀 such that 𝑀 = 𝑅𝑥1 + 𝑅𝑥2 + ⋯ + 𝑅𝑥𝑛, for 

some positive integer 𝑛 [15]. If 𝑁 is a submodule of 𝑀, then 𝑆𝑀(𝑁) = {𝑟 ∈ 𝑅: 𝑟𝑥 ∈ 𝑁, for some 𝑥 ∈ 𝑀 ∖ 𝑁} 

[1]. In particular, if 𝑁 = 0, then 𝑆𝑀(0) = {𝑟 ∈ 𝑅: 𝑟𝑥 = 0, for some 0 ≠ 𝑥 ∈ 𝑀} and if 𝐴 is an ideal of 𝑅, then 

𝑆𝑅(𝐴) = {𝑟 ∈ 𝑅: 𝑟𝑎 ∈ 𝐴, for some 𝑎 ∉ 𝐴} [5]. In particular, if 𝐴 = 0, then 𝑆𝑅(0) = {𝑟 ∈ 𝑅: 𝑟𝑎 = 0, for some 

0 ≠ 𝑎 ∈ 𝑅}. 𝑁 is called a prime submodule of 𝑀, if 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀 such that 𝑟𝑚 ∈ 𝑁, then 𝑚 ∈ 𝑁 or 𝑟𝑀 ⊆ 𝑁 

[11]. The prime radical 𝑅𝑎𝑑(𝑅) of 𝑅 is defined as  𝑅𝑎𝑑(𝑅) = ⋂ 𝑃𝑃 , where 𝑃 is a prime ideal of 𝑅 [4]. 

Some Fundamentals. 

     In this section we recall some results that will be used in the next sections.  The proof of which can be 

found in [10].  

(1) An 𝑅 −module 𝑀 is a multiplication module if and only if 𝑁 = (𝑁: 𝑀)𝑀 for every submodule 𝑁 of 𝑀. 

(2) If 𝑅 is an integral domain and 𝑆 is a multiplicative system in 𝑅, then 𝑅𝑆 is an integral domain. 

(3) A multiplication 𝑅 −module 𝑀 is locally multiplication. 

(4) [10, Lemma 2.1]. Let 𝑀 be an 𝑅 −module.  

(i) Let 𝑁 be a submodule of 𝑀 and 𝑃 is a maximal ideal of 𝑅 such that 𝑆𝑀(𝑁) ⊆ 𝑃. If 
𝑥

𝑝
∈ 𝑁𝑃, where 𝑥 ∈ 𝑀 

and 𝑝 ∉ 𝑃, then 𝑥 ∈ 𝑁. In particular, if 𝑆𝑀(0) ⊆ 𝑃 and 
𝑥

𝑝
= 0 then 𝑥 = 0 and if 𝑁𝑃 = 0, then 𝑁 = 0. 

(ii) Let 𝐼 be an ideal of 𝑅 and 𝑃 is a maximal ideal of 𝑅 such that 𝑆𝑅(𝐼) ⊆ 𝑃. If 
𝑟

𝑞
∈ 𝐼𝑃, where 𝑟 ∈ 𝐼 and 𝑞 ∉ 𝑃, 

then 𝑟 ∈ 𝐼. In particular, if 𝑆𝑅(0) ⊆ 𝑃 and 
𝑟

𝑝
= 0 then 𝑟 = 0 and if 𝐼𝑃 = 0, then 𝐼 = 0. 

(5) [9, Proposition 2.1]. Let 𝐿 and 𝑁 be submodules of an 𝑅 −module 𝑀. Then 𝐿 ⊆ 𝑁 if an only if 𝐿𝑃 ⊆ 𝑁𝑃 

for every maximal ideal 𝑃 of 𝑅. 

(6) [9, Corollary 2.9]. Let 𝑀 be an 𝑅 −module and 𝑃 be a prime ideal (resp. a maximal ideal) of 𝑅. If 𝑟 ∈ 𝑅,  

𝑝 ∉ 𝑃 and 𝑥 ∈ 𝑀, then 
𝑟

𝑝
𝑀𝑃 = (𝑟𝑀)𝑃 and (𝑅𝑥)𝑃 = 𝑅𝑃

𝑥

𝑝
. In particular, 

𝑟

1
𝑀𝑃 = (𝑟𝑀)𝑃 and (𝑅𝑥)𝑃 = 𝑅𝑃

𝑥

1
. 

(7) [7, Lemma 4.8]. Let 𝑀 be an 𝑅 −module and 𝑃 a prime ideal of 𝑅. Let 𝑁, 𝐿 be proper submodules of 𝑀. 

Then, the following hold. 

(i) If 𝐿𝑃 ⊆ 𝑁𝑃 and 𝑆𝑀(𝑁) ⊆ 𝑃, then 𝐿 ⊆ 𝑁.                                                                                                     (ii) 

If 𝑁𝑃 = 𝐿𝑃 and 𝑆𝑀(𝑁), 𝑆𝑀(𝐿) ⊆ 𝑃, then 𝑁 = 𝐿.  

(8) [8, Theorem 2.2]. Let 𝑀 be an 𝑅 −module and 𝑆 be a multiplicative system in 𝑅. Let 𝑁̅ be a submodule 

of 𝑀𝑆, then 𝑁̅ = 𝑁𝑆 for some submodule 𝑁 of 𝑀 with 𝑆𝑀(𝑁)⋂𝑆 = ∅. Furthermore, if 𝑁̅ is proper, then 𝑁 is 

proper. In particular 𝑁 = 𝑁𝑃 with 𝑆𝑀(𝑁) ⊆ 𝑃. 

(9) [13, Proposition 2.1]. Let 𝑅 be an integral domain. If 𝑀 is a faith- ful multiplication 𝑅 −module, 

then every non-zero submodule of 𝑀 is faithful. 

(10) [14, Theorem 9]. Let 𝑀 be a multiplication 𝑅 −module with annihilator 𝐽 and 𝐴 and 𝐵 ideals of 𝑅. Then 

𝐴𝑀 ⊆ 𝐵𝑀 if and only if 𝐴 ⊆ 𝐵 + 𝐽 or 𝑀 = ((𝐵 + 𝐽): 𝐴)𝑀. 
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Some Preliminary Results 

     In this section we prove some preliminary results which will be used in proving some properties of faithful 

locally multiplication modules in the next section. In the first result of this section we prove that the 

faithfulness property is an equivalent property between those modules over integral domains and their 

localizations. 

     Recall that a submodule 𝑁 od an 𝑅 −module 𝑀 is called a faithful submodule if 𝑎𝑛𝑛(𝑁) = 0.  

Proposition 3.1. If 𝑀 is an 𝑅 −module, where 𝑅 is an integral domain and 𝑁 a submodule of 𝑀, then 𝑁 is 

faithful if and only if 𝑁𝑃 is faithful, for every prime ideal 𝑃 of 𝑅 

Proof. Let 𝑁 be faithful, that is, 𝑎𝑛𝑛(𝑁) = 0, and 𝑃 any prime ideal of  . To show that 𝑁𝑃 is a faithful 

𝑅𝑃 −module, let 
𝑚

𝑝
∈ 𝑎𝑛𝑛(𝑁𝑃). Then 

𝑚

𝑝
𝑁𝑃 = 0. That means , (𝑚𝑁)𝑃 = 0. It follows that there exists 𝑞 ∉ 𝑃 

such that 𝑞(𝑚𝑁) = 0, so that we get (𝑞𝑚)𝑁 = 0, this means 𝑞𝑚 ∈ 𝑎𝑛𝑛(𝑁) = 0. Thus 𝑞𝑚 = 0. Since, 𝑅 is 

an integral domain and 𝑞 ≠ 0 (since 𝑞 = 0 implies that 𝑞 ∈ 𝑃), so that 𝑚 = 0, thus 
𝑚

𝑝
= 0. This gives that 

𝑎𝑛𝑛(𝑁𝑃) = 0. Hence, 𝑁𝑃 is a faithful 𝑅𝑃 −module.  

Conversely, suppose that 𝑁𝑃 is faithful for every prime ideal 𝑃 of 𝑅. As 𝑅 is a commutative ring with identity, 

it contains at least a maximal ideal 𝑃 of  . Since 𝑁𝑃 is a faithful 𝑅𝑃 −module, 𝑎𝑛𝑛(𝑁𝑃) = 0. To show that  𝑁 

is faithful, let 𝑚 ∈ 𝑎𝑛𝑛(𝑁). Then 𝑚𝑁 = 0. From which we get 
𝑚

1
𝑁𝑃 = (𝑚𝑁)𝑃 = 0. Hence,  

𝑚

1
∈ 𝑎𝑛𝑛(𝑁𝑃) =

0, so that 𝑝𝑚 = 0 for some 𝑝 ∉ 𝑃 and as 𝑅 is an integral domain and 𝑝 ≠ 0 we get 𝑚 = 0. Thus 𝑎𝑛𝑛(𝑁) =

0. Hence, 𝑁 is a faithful 𝑅 −module.  

     In the next result we prove that the localization of residual of submodules is contained in the residual of the 

localizations of the submodules. 

Proposition 3.2. Let 𝑀 be an 𝑅 −module and 𝑁, 𝐿 submodules of 𝑀. If 𝑃 is a prime ideal of 𝑅, then 

(𝑁: 𝐿)𝑃 ⊆ (𝑁𝑃: 𝐿𝑃).  

Proof. Let 
𝑎

𝑝
∈ (𝑁: 𝐿)𝑃, for 𝑎 ∈ 𝑅 and 𝑝 ∉ 𝑃, then 𝑞𝑎 ∈ (𝑁: 𝐿), for some 𝑞 ∉ 𝑃.  Consequently, 

𝑞𝑎𝐿 ⊆ 𝑁. If 
𝑚

𝑡
∈ 𝐿𝑃 is any element, where 𝑚 ∈ 𝑀 and 𝑡 ∉ 𝑃, then 𝑠𝑚 ∈ 𝐿 for some 𝑠 ∉ 𝑃. This 

gives that 𝑞𝑎𝑠𝑚 ∈ 𝑁. Now, we have  
𝑎

𝑝
.

𝑚

𝑡
=

𝑞

𝑞
.

𝑠

𝑠
.

𝑎𝑚

𝑝𝑡
=

𝑞𝑎𝑠𝑚

𝑞𝑠𝑝𝑡
∈ 𝑁𝑃, so that 

𝑎

𝑝
𝐿𝑃 ⊆ 𝑁𝑃, that means 

𝑎

𝑝
∈ (𝑁𝑃: 𝐿𝑃). Hence, (𝑁: 𝐿)𝑃 ⊆ (𝑁𝑃: 𝐿𝑃). 

    Now we give a condition under which the residual of the localizations of submodules is contained 

in the localization of the residual of the submodules. 
Proposition 3.3. Let 𝑀 be an 𝑅 −module and 𝑁, 𝐿 submodules of 𝑀. If 𝑃 is any prime ideal of 𝑅 with 

𝑆𝑀(𝑁) ⊆ 𝑃, then (𝑁𝑃: 𝐿𝑃) ⊆ (𝑁: 𝐿)𝑃.  

Proof. Suppose that 
𝑎

𝑝
∈ (𝑁𝑃: 𝐿𝑃), then 

𝑎

𝑝
𝐿𝑃 ⊆ 𝑁𝑃. To show 𝑎𝐿 ⊆ 𝑁. Let 𝑙 ∈ 𝐿 be any element. Then 

𝑙

1
∈ 𝐿𝑃. 

Thus  
𝑎

𝑝
.

𝑙

1
∈ 𝑁𝑃, so 𝑠𝑎𝑙 ∈ 𝑁, for some 𝑠 ∉ 𝑃. As 𝑠 ∉ 𝑆𝑀(𝑁), we get 𝑎𝑙 ∈ 𝑁. Hence 𝑎𝐿 ⊆ 𝑁, that means, 𝑎 ∈

(𝑁: 𝐿), so we get 
𝑎

𝑝
∈ (𝑁: 𝐿)𝑃, which gives that (𝑁𝑃: 𝐿𝑃) ⊆ (𝑁: 𝐿)𝑃.. 

     Now, by combining Proposition 3.2 and Proposition 3.3, we give the following result. 

Theorem 3.4  Let 𝑀 be an 𝑅 −module and 𝑁, 𝐿 a proper submodule of 𝑀. If 𝑃 is any prime ideal of 𝑅 with 

𝑆𝑀(𝑁) ⊆ 𝑃, then  (𝑁: 𝐿)𝑃 = (𝑁𝑃: 𝐿𝑃).. 

Proof. The proof follows directly from Proposition 3.2 and Proposition 3.3. 
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     If we consider 𝑅 as an 𝑅 −module, then we give the following corollary from Theorem 3.4. 

Corollary 3.5. Let 𝐴  and 𝐵 ideals of 𝑅. If 𝑃 is a prime ideal of 𝑅 such that 𝑆𝑅(𝐴) ⊆ 𝑃, then (𝐴: 𝐵)𝑃 =

(𝐴𝑃: 𝐵𝑃). 

Proof. By considering 𝑅 as an 𝑅 −module, the proof follows directly by Theorem 3.4. 

     Now we prove the following result..   

Theorem 3.6. Let 𝑀 be an 𝑅 −module and let 𝑁 and 𝐿 be submodules of 𝑀. Then 𝑁 ⊆ 𝐿 if and only if 𝑁𝑃 ⊆

𝐿𝑃, for every maximal ideal 𝑃 of 𝑅.  

Proof. Let 𝑁 ⊆ 𝐿 and 𝑃 be any maximal ideal of  . To show that 𝑁𝑃 ⊆ 𝐿𝑃, let 
𝑥

𝑝
∈ 𝑁𝑃, where 𝑥 ∈ 𝑀 and 𝑝 ∉

𝑃. Then 
𝑥

𝑝
=

𝑛

𝑞
, for some 𝑛 ∈ 𝑁 and 𝑞 ∉ 𝑃. It follows that there exists 𝑡 ∉ 𝑃 such that 𝑡(𝑞𝑥 − 𝑝𝑛) = 0. This 

gives that 𝑡𝑞𝑥 = 𝑡𝑝𝑛 ∈ 𝑁 ⊆ 𝐿, Then we have 
𝑥

𝑝
=

𝑡

𝑡

𝑞

𝑞

𝑥

𝑝
=

𝑡𝑞𝑥

𝑡𝑞𝑝
∈ 𝐿𝑃. Hence, 𝑁𝑃 ⊆ 𝐿𝑃.  

Conversely, suppose that 𝑁𝑃 ⊆ 𝐿𝑃, for every maximal ideal 𝑃 of 𝑅 and to show that 𝑁 ⊆ 𝐿. Let 𝑥 ∈ 𝑁, then 
𝑥

1
∈ 𝑁𝑃 ⊆ 𝐿𝑃, for every maximal ideal 𝑃 of 𝑅. Hence, for every maximal ideal 𝑃 of 𝑅, there exists an element 

𝑟𝑃 ∉ 𝑃 such that 𝑟𝑃𝑥 ∈ 𝐿. Let 𝐴 be the ideal of 𝑅 generated by  𝑟𝑃’, that is, 𝐴 =< 𝑆 >, where 𝑆 = {𝑟𝑃: 𝑃 is a 

maximal ideal of 𝑅}. If 𝐴 ≠ 𝑅, then 𝐴 contained in some maximal ideal 𝑄 of 𝑅, this implies that 𝑟𝑄 ∈ 𝑄, 

which is a contradiction, since on the other hand the element 𝑟𝑄 of 𝑆 is chosen in such a way such that 𝑟𝑄 ∉

𝑄. Therefore 𝐴 = 𝑅. Obviously, 1 ∈ 𝐴 =< 𝑆 >, so that there exists a finite number of maximal ideals 

𝑃1, 𝑃2, … , 𝑃𝑛 of 𝑅 with 𝑟𝑃𝑖
∉ 𝑃𝑖, for 𝑖 (1 ≤ 𝑖 ≤ 𝑛), such that 1 = 𝑟1𝑟𝑃𝑖

+ 𝑟2𝑟𝑃2
+ ⋯ + 𝑟𝑛𝑟𝑃𝑛

, where 

𝑟1, 𝑟2, … , 𝑟𝑛 ∈ 𝑅. Now, we have  𝑥 = 1. 𝑥 = (𝑟1𝑟𝑃𝑖
+ 𝑟2𝑟𝑃2

+ ⋯ + 𝑟𝑛𝑟𝑃𝑛
). 𝑥 = 𝑟1𝑟𝑃𝑖

𝑥 + 𝑟2𝑟𝑃2
𝑥 + ⋯ + 𝑟𝑛𝑟𝑃𝑛

𝑥 ∈

𝐿 . Thus  𝑁 ⊆ 𝐿. 

      Next, we give the following corollary which determines the relation between equality of submodules and 

equality of their localizations at maximal ideals. 

Corollary 3.7. Let 𝑀 be an 𝑅 −module and let 𝑁 and 𝐿 be submodules of 𝑀. Then 𝑁 = 𝐿 if and only if 𝑁𝑃 =

𝐿𝑃, for every maximal ideal 𝑃 of 𝑅. 

Proof. The proof follows from Theorem 3.6. 

     It is known that if 𝐴, 𝐵 are ideals of 𝑅 such that 𝐴 ⊆ 𝐵 and 𝑆 is a multiplicative system in 𝑅 (𝑃 is a prime 

ideal of 𝑅), then 𝐴𝑆 ⊆ 𝐵𝑆 (𝐴𝑃 ⊆ 𝐵𝑃). Now we give a condition under which the converse of the above is also 

true.     

Lemma 3.8. Let 𝑅 be a commutative ring with identity and 𝑆 a multiplicative system in 𝑅 (𝑃 is a prime ideal 

of 𝑅) and 𝐴, 𝐵 are ideals of 𝑅. If 𝑆𝑅(𝐵)⋂𝑆 = ∅ (𝑆𝑅(𝐵) ⊆ 𝑃) and 𝐴𝑆 ⊆ 𝐵𝑆 (𝐴𝑃 ⊆ 𝐵𝑃), then 𝐴 ⊆ 𝐵.  

Proof. We prove the first part. Let 𝑎 ∈ 𝐴. Take 𝑠 ∈ 𝑆 (this is possible since 𝑆 ≠ ∅), then 
𝑎

𝑠
∈ 𝐴𝑆 ⊆ 𝐵𝑆, so that 

𝑝𝑎 ∈ 𝐵 for some 𝑝 ∈ 𝑆. If 𝑎 ∉ 𝐵, then we get 𝑝 ∈ 𝑆𝑅(𝐵), so that we get 𝑆𝑅(𝐵)⋂𝑆 ≠ ∅ which is a 

contradiction and thus 𝑎 ∈ 𝐵. Hence, we get 𝐴 ⊆ 𝐵. For the second part, let 𝑎 ∈ 𝐴, then 
𝑎

1
∈ 𝐴𝑃 ⊆ 𝐵𝑃, so that 

𝑝𝑎 ∈ 𝐵 for some 𝑝 ∉ 𝑃. If 𝑎 ∉ 𝐵, then we get 𝑝 ∈ 𝑆𝑅(𝐵) ⊆ 𝑃 which is a contradiction and thus 𝑎 ∈ 𝐵. 

Hence, we get 𝐴 ⊆ 𝐵. The proof of the particular case is obvious by taking 𝐴 = 𝑅. 
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     Next, we prove that the localization of annihilator of a submodule is contained in the annihilator of the 

localization of the submodule.  

Proposition 3.9. Let 𝑀 be an 𝑅 −module and 𝑁 a submodule of 𝑀. If 𝑃 is a prime ideal of 𝑅, then 

(𝑎𝑛𝑛(𝑁))𝑃 ⊆ 𝑎𝑛𝑛(𝑁𝑃).. 

Proof. If 
𝑟

𝑝
∈(𝑎𝑛𝑛(𝑁))𝑃, for 𝑟 ∈ 𝑅 and 𝑝 ∉ 𝑃, then 𝑞𝑟 ∈ 𝑎𝑛𝑛(𝑁), for some 𝑞 ∉ 𝑃, so that 𝑞𝑟𝑁 = 0. Let 

𝑚

𝑢
∈

𝑁𝑃 , where 𝑚 ∈ 𝑀 and 𝑢 ∉ 𝑃. Then we have 𝑣𝑚 ∈ 𝑁, for some 𝑣 ∉ 𝑃, so that 𝑞𝑟𝑣𝑚 = 0. Thus 
𝑟

𝑝

𝑚

𝑢
=

𝑞

𝑞

𝑟

𝑝

𝑣

𝑣

𝑚

𝑢
=

𝑞𝑟𝑣𝑚

𝑞𝑝𝑣𝑢
= 0 and  

𝑟

𝑝
∈ 𝑎𝑛𝑛(𝑁𝑃), so (𝑎𝑛𝑛(𝑁))𝑃 ⊆ 𝑎𝑛𝑛(𝑁𝑃).  

     Now we give a condition which makes the localization of annihilator of a submodule and the annihilator of 

the localization of the submodule are equal. 

Proposition 3.10. Let 𝑀 be an 𝑅 −module and 𝑁 a submodule of 𝑀. If 𝑃 is a prime ideal of 𝑅 with 𝑆𝑀(0) ⊆

𝑃, then 𝑎𝑛𝑛(𝑁𝑃) = (𝑎𝑛𝑛(𝑁))𝑃. 

Proof. In view of Proposition 3.9, it is enough to show that 𝑎𝑛𝑛(𝑁𝑃) ⊆ (𝑎𝑛𝑛(𝑁))𝑃. Now, 

let 
𝑟

𝑝
∈ 𝑎𝑛𝑛(𝑁𝑃), for 𝑟 ∈ 𝑅, 𝑝 ∉ 𝑃. If 𝑚 ∈ 𝑁, then 

𝑚

1
∈ 𝑁𝑃 . Thus 

𝑟𝑚

𝑝
=

𝑟

𝑝

𝑚

1
= 0, so by [10, Lemma 2.1] , we 

get 𝑟𝑚 = 0 . Thus 𝑟 ∈ 𝑎𝑛𝑛(𝑁) consequently,  
𝑟

𝑝
∈ (𝑎𝑛𝑛(𝑁))𝑃. Thus, 𝑎𝑛𝑛(𝑁𝑃) ⊆ (𝑎𝑛𝑛(𝑁))𝑃. Hence, 

𝑎𝑛𝑛(𝑁𝑃) = (𝑎𝑛𝑛(𝑁))𝑃. 

     In the following proposition we prove that for an 𝑅 −module 𝑀 and a prime ideal 𝑃 of 𝑅, each prime 

submodule of 𝑀𝑃 is a localization of some submodule of 𝑀.       

Proposition 3.11. Let 𝑀 be an 𝑅 −module and 𝑃 a prime ideal of 𝑅. If 𝑁̅ is a prime submodule of 𝑀𝑃, then 

𝑁̅ = 𝑁𝑃, where 𝑁 = {𝑥 ∈ 𝑀:
𝑥

1
∈ 𝑁} is a prime submodule of 𝑀 and 𝑆𝑀(𝑁) ⊆ 𝑃. 

Proof. It is easy to show that 𝑁 is a submodule of 𝑀. To show 𝑁̅ = 𝑁𝑃. Let 
𝑥

𝑝
∈ 𝑁̅, where 𝑥 ∈ 𝑀 and 𝑝 ∉ 𝑃. 

Now, we have 
𝑥

1
=

𝑝

𝑝
.

𝑥

1
=

𝑝

1
.

𝑥

𝑝
∈ 𝑁̅, thus we get 𝑥 ∈ 𝑁 and hence 

𝑥

𝑝
∈ 𝑁𝑃, which means that 𝑁̅ ⊆ 𝑁𝑃. Next, let 

𝑥

𝑝
∈ 𝑁𝑃, where 𝑥 ∈ 𝑀 and 𝑝 ∉ 𝑃. Then we have 𝑞𝑥 ∈ 𝑁, for some 𝑞 ∉ 𝑃 and then we get  

𝑞𝑥

1
∈ 𝑁̅, so that 

𝑥

𝑝
=

𝑞

𝑞
.

𝑥

𝑝
=

1

𝑞𝑝
.

𝑞𝑥

1
∈ 𝑁̅. That means 𝑁𝑃 ⊆ 𝑁̅. Hence 𝑁̅ = 𝑁𝑃. It remains to show that 𝑁 is a prime submodule of 𝑀. 

If 𝑁 = 𝑀, then 𝑁̅ = 𝑁𝑃 = 𝑀𝑃, which is a contradiction. Therefore 𝑁 is a proper submodule of 𝑀. Let 𝑟𝑥 ∈

𝑁, for 𝑟 ∈ 𝑅 and 𝑥 ∈ 𝑀. Then 
𝑟𝑥

1
∈ 𝑁̅ = 𝑁𝑃, that means 

𝑟

1
.

𝑥

1
∈ 𝑁̅ and as 𝑁̅ is prime we have either 

𝑥

1
∈ 𝑁̅ or 

𝑟

1
𝑀𝑃 ⊆ 𝑁𝑃 = 𝑁̅. Then either  𝑥 ∈ 𝑁 or (𝑟𝑀)𝑃 =

𝑟

1
𝑀𝑃 ⊆ 𝑁𝑃 = 𝑁̅. Now, if 𝑚 ∈ 𝑀, then  

𝑟𝑚

1
∈ (𝑟𝑀)𝑃 ⊆ 𝑁̅. 

That means  𝑟𝑚 ∈ 𝑁 for all 𝑚 ∈ 𝑀 and thus 𝑟𝑀 ⊆ 𝑁. Hence 𝑁 is a prime submodule of 𝑀. It remains to 

show that 𝑆𝑀(𝑁) ⊆ 𝑃. Let 𝑟 ∈ 𝑆𝑀(𝑁). Ten 𝑟𝑥 ∈ 𝑁, for some 𝑥 ∉ 𝑁. Thus 
𝑟𝑥

1
∈ 𝑁̅. If 𝑟 ∉ 𝑃, then 

𝑥

1
=

𝑟

𝑟

𝑥

1
=

1

𝑟

𝑟𝑥

1
∈ 𝑁̅, so that 𝑥 ∈ 𝑁, that is a contradiction. Hence, 𝑟 ∈ 𝑃, so  𝑆𝑀(𝑁) ⊆ 𝑃. 

     Here, we prove that each prime ideal of 𝑅𝑃 is a localization of some prime ideal of 𝑅.   

Proposition 3.12. Let  𝑃 be a prime ideal of 𝑅. If 𝐴̅ is a prime ideal of 𝑅𝑃, then 𝐴̅ = 𝐴𝑃, where 𝐴 = {𝑥 ∈

𝑅:
𝑥

1
∈ 𝐴̅} is a prime ideal of 𝑅 and 𝑆𝑅(𝐴) ⊆ 𝑃. 
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Proof. It is easy to show that 𝐴 is an ideal of 𝑅. To show that 𝐴̅ = 𝐴𝑃, let 
𝑥

𝑝
∈ 𝐴̅, where 𝑥 ∈ 𝑅 and 𝑝 ∉ 𝑃. 

Now, we have 
𝑥

1
=

𝑝

𝑝
.

𝑥

1
=

𝑝

1
.

𝑥

𝑝
∈ 𝐴̅. Thus we get 𝑥 ∈ 𝐴 and hence 

𝑥

𝑝
∈ 𝐴𝑃, which means that 𝐴̅ ⊆ 𝐴𝑃. Next, let 

𝑥

𝑝
∈ 𝐴𝑃, where 𝑥 ∈ 𝑅 and 𝑝 ∉ 𝑃. Then we have 𝑞𝑥 ∈ 𝐴, for some 𝑞 ∉ 𝑃 and then we get  

𝑞𝑥

1
∈ 𝐴̅, so that 

𝑥

𝑝
=

𝑞

𝑞
.

𝑥

𝑝
=

1

𝑞𝑝
.

𝑞𝑥

1
∈ 𝐴̅. That means 𝐴𝑃 ⊆ 𝐴̅. Hence 𝐴̅ = 𝐴𝑃. Finally we will show that 𝐴 is a prime ideal of 𝑅. If 

𝐴 = 𝑅, then 𝐴̅ = 𝐴𝑃 = 𝑅𝑃, which is a contradiction, so that 𝐴 is a proper ideal of 𝑅. Let 𝑟𝑥 ∈ 𝐴, for 𝑟, 𝑥 ∈ 𝑅. 

Then 
𝑟𝑥

1
∈ 𝐴̅ = 𝐴𝑃, that means 

𝑟

1
.

𝑥

1
∈ 𝐴̅ and as 𝐴̅ is prime we have either 

𝑟

1
∈ 𝐴̅ or 

𝑥

1
∈ 𝐴̅. It follows that  𝑟 ∈ 𝐴 

or 𝑥 ∈ 𝐴. Hence, 𝐴 is a prime ideal of 𝑅. It remains to show that 𝑆𝑅(𝐴) ⊆ 𝑃. Let 𝑟 ∈ 𝑆𝑅(𝐴), then 𝑟𝑥 ∈ 𝐴, for 

some 𝑥 ∉ 𝐴. Thus 
𝑟𝑥

1
∈ 𝐴̅. If 𝑟 ∉ 𝑃, then 

𝑥

1
=

𝑟

𝑟

𝑥

1
=

1

𝑟

𝑟𝑥

1
∈ 𝐴̅, so that 𝑥 ∈ 𝐴, that is a contradiction. Hence,𝑟 ∈

𝑃, so 𝑆𝑅(𝐴) ⊆ 𝑃. 

     In the following result we give a condition under which the primness property of ideals can be extended 

from the ring to its localization .  

Proposition 3.13. Let 𝑃 be a prime ideal of 𝑅. If 𝐴 is an ideal of 𝑅 such that 𝑆𝑅(𝐴) ⊆ 𝑃, then 𝐴 is a prime 

ideal of 𝑅 if and only if 𝐴𝑃 is a prime 

ideal of 𝑅𝑃. 

Proof. Let 𝐴 be a prime ideal of 𝑅. If 𝐴𝑃 = 𝑅𝑃, then 
1

1
∈ 𝐴𝑃. Thus  𝑝. 1 ∈ 𝐴, for some ∉ 𝑃 . Since, 𝐴 is 

proper, so 1 ∉ 𝐴. Hence, 𝑝 ∈ 𝑆𝑅(𝐴) ⊆ 𝑃, which is impossible. Hence, 𝐴𝑃 is a proper ideal of 𝑅𝑃. Next, let 

𝑎, 𝑏 ∈ 𝑅 and 𝑝, 𝑞 ∉ 𝑃 be such that 
𝑎

𝑝
.

𝑏

𝑞
∈ 𝐴𝑃. Then 

𝑎𝑏

𝑝𝑞
∈ 𝐴𝑃. Thus 𝑠𝑎𝑏 ∈ 𝐴 for some 𝑠 ∉ 𝑃. If 𝑠 ∈ 𝐴, then 

𝑠. 1 = 𝑠 ∈ 𝐴, but 1 ∉ 𝐴, so that 𝑠 ∈ 𝑆𝑅(𝐴) ⊆ 𝑃, which is a contradiction, so that 𝑠 ∉ 𝐴 . Since 𝐴 is prime, 

either 𝑎 ∈ 𝐴 or 𝑏 ∈ 𝐴,  that is  
𝑎

𝑝
∈ 𝐴𝑃 or 

𝑏

𝑞
∈ 𝐴𝑃. Hence, 𝐴𝑃 is a prime ideal of 𝑅𝑃.  

Conversely, suppose that 𝐴𝑃 is a prime ideal of 𝑅𝑃. If 𝐴 = 𝑅, then 𝐴𝑃 = 𝑅𝑃, which contradicts the fact that  

𝐴𝑃 is proper in 𝑅𝑃),  that is 𝐴 ≠ 𝑅.. Now assume  𝑎𝑏 ∈ 𝐴. Then 
𝑎

1
.

𝑏

1
=

𝑎𝑏

1
∈ 𝐴𝑃. Since 𝐴𝑃 is prime, we get 

𝑎

1
∈

𝐴𝑃 or 
𝑏

1
∈ 𝐴𝑃. If 

𝑎

1
∈ 𝐴𝑃, then 𝑝𝑎 ∈ 𝐴 for some 𝑝 ∉ 𝑃. If 𝑎 ∉ 𝐴, then 𝑝 ∈ 𝑆𝑅(𝐴) ⊆ 𝑃, which is a contradiction, 

so that 𝑎 ∈ 𝐴. If 
𝑏

1
∈ 𝐴𝑃, then by the same technique, we get 𝑏 ∈ 𝐴. Hence, 𝐴 is a prime ideal of 𝑅. 

     Next we prove the following lemma. 

Lemma 3.14. If 𝑁 is a submodule of an 𝑅 −module 𝑀 and 𝑃 is a prime ideal of  𝑅 such that 

𝑆𝑀(𝑁) ⊆ 𝑃, then 𝑁 is a proper submodule of 𝑀 if and only if 𝑁𝑃 is a proper submodule of 

𝑀𝑃. 

Proof. Suppose that 𝑁 ≠ 𝑀. Then there exists 𝑥 ∈ 𝑀 but 𝑥 ∉ 𝑁 such that 
𝑥

1
∈ 𝑀𝑃. If 

𝑥

1
∈ 𝑁𝑃, then 𝑝𝑥 ∈ 𝑁, for 

some 𝑝 ∉ 𝑃 and then we get 𝑝 ∈ 𝑆𝑀(𝑁) ⊆ 𝑃, which is a contradiction. Therefore  
𝑥

1
∉ 𝑁𝑃. Thus 𝑁𝑃 ≠ 𝑀𝑃. 

Conversely, suppose that 𝑁𝑃 ≠ 𝑀𝑃. Then there exists 𝑥 ∈ 𝑀 and 𝑝 ∉ 𝑃 such that  
𝑥

𝑝
∈ 𝑀𝑃 with  

𝑥

𝑝
∉ 𝑁𝑃. This 

last assertion implies that 𝑥 ∉ 𝑁 (otherwise, 
𝑥

𝑝
∈ 𝑁𝑃). Hence, 𝑁 ≠ 𝑀.  

     In the following result we give a condition under which the primness property of submodules can be 

extended from the module to its localization and conversely.  
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Proposition 3.15. Let 𝑀 be an 𝑅 −module and 𝑃 a prime ideal of 𝑅. If 𝑁 is a submodule of 𝑀 such that 

𝑆𝑀(𝑁) ⊆ 𝑃, then 𝑁 is a prime submodule of 𝑀 if and only if 𝑁𝑃 is a prime submodule of 𝑀𝑃. 

Proof. Suppose that 𝑁 is a prime submodule of 𝑀, so 𝑁 is a proper submodule of 𝑀. Hence, by Lemma 3.14, 

we have 𝑁𝑃 is a proper submodule of 𝑀𝑃. Let 
𝑟

𝑝

𝑚

𝑞
∈ 𝑁𝑃, for 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀 and 𝑝, 𝑞 ∉ 𝑃. Then 

𝑟𝑚

𝑝𝑞
∈ 𝑁𝑃 and so 

by [10, Lemma 2.1], we have 𝑟𝑚 ∈ 𝑁. Since,  𝑁 is a prime submodule of 𝑀, either  𝑚 ∈ 𝑁 or 𝑟𝑀 ⊆ 𝑁. If 

𝑚 ∈ 𝑁, then 
𝑚

𝑞
∈ 𝑁𝑃. If 𝑟𝑀 ⊆ 𝑁, then, by using [9, Proposition 2.1] and [9, Corollary 2.9], we get 

𝑟

𝑝
𝑀𝑃 =

(𝑟𝑀)𝑃 ⊆ 𝑁𝑃. Hence 𝑁𝑃 is a prime submodule of 𝑀𝑃.  

Conversely, suppose that 𝑁𝑃 is a prime submodule of 𝑀𝑃. If 𝑁 = 𝑀, then 𝑁𝑃 = 𝑀𝑃, which contradicts that  

𝑁𝑃 is a proper submodule of 𝑀𝑃). Thus 𝑁 ≠ 𝑀. Now, let 𝑟𝑚 ∈ 𝑁, where 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀. Then 
𝑟

1

𝑚

1
∈ 𝑁𝑃. As 

𝑁𝑃 is prime, we have 
𝑚

1
∈ 𝑁𝑃 or 

𝑟

1
𝑀𝑃 ⊆ 𝑁𝑃. If 

𝑚

1
∈ 𝑁𝑃, then by [10, Lemma 2.1], we get 𝑚 ∈ 𝑁. If 

𝑟

1
𝑀𝑃 ⊆

𝑁𝑃, then [9, Corollary 2.9], we have (𝑟𝑀)𝑃 =
𝑟

1
𝑀𝑃 ⊆ 𝑁𝑃. If 𝑚 ∈ 𝑀 is any element, then 

𝑟𝑚

1
=

𝑟

1
.

𝑚

1
∈

𝑟

1
𝑀𝑃 ⊆ 𝑁𝑃, so by [10, Lemma 2.1], we get 𝑟𝑚 ∈ 𝑁. Thus we get 𝑟𝑀 ⊆ 𝑁. Hence 𝑁 is a prime submodule of 

𝑀. 

     In the next result  we give a condition under which the maximality property of submodules can be extended 

from the module to its localization   

Proposition 3.16. Let 𝑀 be an 𝑅 −module and 𝑃 be a prime ideal of 𝑅. If 𝑁 is a maximal submodule of 𝑀 

such that 𝑆𝑀(𝑁) ⊆ 𝑃, then 𝑁𝑃 is a maximal submodule of 𝑀𝑃. 

Proof. Since, 𝑁 is a maximal submodule of 𝑀, 𝑁 is a proper submodule of 𝑀. Hence, by Lemma 3.14, we 

have 𝑁𝑃 is a proper submodule of 𝑀𝑃. Let 𝑁𝑃 ⊆ 𝐿 ⊆ 𝑀𝑃, where 𝐿 is a submodule of 𝑀𝑃. Then, by [8, 

Theorem 2.2], we get that 𝐿 = 𝐿𝑃, for some submodule 𝐿 of 𝑀 with 𝑆𝑀(𝐿) ⊆ 𝑃. Then, 𝑁𝑃 ⊆ 𝐿𝑃 ⊆ 𝑀𝑃, so by 

[7, Lemma 4.8], we get 𝑁 ⊆ 𝐿. Hence, we get 𝑁 ⊆ 𝐿 ⊆ 𝑀. Since  𝑁 is maximal, either  𝑁 = 𝐿 or 𝐿 = 𝑀, that 

is, 𝑁𝑃 = 𝐿𝑃 = 𝐿 or 𝐿 = 𝐿𝑃 = 𝑀𝑃. Hence, 𝑁𝑃 is a maximal submodule of 𝑀𝑃. 

     In the last two results of this section we prove that for a commutative ring 𝑅 and a multiplicative system 𝑆 

in 𝑅 (a prime ideal 𝑃 of 𝑅), each ideal in 𝑅𝑆 (𝑅𝑃) is a localization of unique ideal in 𝑅.  

Proposition 3.17. Let 𝑆 be a multiplicative system in 𝑅. If 𝐴 is an ideal in 𝑅𝑆, then there exists a unique ideal 

𝐴 of 𝑅 with the property that 𝑆𝑅(𝐴)⋂𝑆 = ∅ and 𝐴 = 𝐴𝑆. 

Proof. Let 𝑠 ∈ 𝑆 be any element and 𝐴 = {𝑥 ∈ 𝑅:
𝑥

𝑠
∈ 𝐴̅}.  

 Since 0 ∈ 𝑅 and 
0

𝑠
∈ 𝐴̅, so that 0 ∈ 𝐴. Hence, ∅ ≠ 𝐴 ⊆ 𝑅. Now, let 𝑟 ∈ 𝑅 and 𝑥, 𝑦 ∈ 𝐴, then 𝑥, 𝑦 ∈ 𝑅 and 

𝑥

𝑠
,

𝑦

𝑠
 ∈ 𝐴̅, then 

𝑥−𝑦

𝑠
=

𝑥

𝑠
−

𝑦

𝑠
∈ 𝐴̅ and  𝑥 − 𝑦 ∈ 𝐴. Now, we have 

𝑟

𝑠
∈ 𝑅𝑆. 

𝑟𝑥

𝑠
=

𝑠

𝑠

𝑠

𝑠

𝑟𝑥

𝑠
=

𝑠𝑠

𝑠

𝑟𝑥

𝑠𝑠
∈ 𝐴̅, so that 𝑟𝑥 ∈ 𝐴. 

Since, 𝑅 is commutative, so 𝑥𝑟 = 𝑟𝑥 ∈ 𝐴. Hence, 𝐴 is an ideal of 𝑅. To show 𝐴̅ = 𝐴𝑆. Let 
𝑥

𝑡
∈ 𝐴̅, where 𝑥 ∈

𝑅, 𝑡 ∈ 𝑆. Then 
𝑥

𝑠
=

𝑡

𝑡

𝑥

𝑠
=

𝑡

𝑠

𝑥

𝑡
∈ 𝐴̅. This gives 𝑥 ∈ 𝐴 and  

𝑥

𝑠
∈ 𝐴𝑆. Hence, 𝐴̅ ⊆ 𝐴𝑆. Next, let 

𝑥

𝑡
∈ 𝐴𝑆, where 𝑥 ∈

𝑅, 𝑡 ∈ 𝑆. Then 𝑞𝑥 ∈ 𝐴, for some 𝑞 ∈ 𝑆, so that 
𝑞𝑥

𝑠
∈ 𝐴̅. Obviously, 

𝑥

𝑡
=

𝑠

𝑠

𝑞

𝑞

𝑥

𝑡
=

𝑠

𝑡𝑞

𝑞𝑥

𝑠
∈ 𝐴̅, so that 𝐴𝑆 ⊆ 𝐴̅. 

Hence, 𝐴̅ = 𝐴𝑆. If  𝑆⋂𝑆𝑅(𝐴) ≠ ∅, then there exists 𝑡 ∈ 𝑆⋂𝑆𝑅(𝐴), so that 𝑡 ∈ 𝑆 and 𝑡𝑥 ∈ 𝐴, for some 𝑥 ∉ 𝐴,  

that is 
𝑡𝑥

𝑠
∈ 𝐴̅ and 

𝑥

𝑠
∉ 𝐴̅. On the other hand, we have, 

𝑥

𝑠
=

𝑡

𝑡

𝑥

𝑠
=

1

𝑡

𝑡𝑥

𝑠
∈ 𝐴̅, which is a contradiction. Therefore 

𝑆⋂𝑆𝑅(𝐾) = ∅. Next, suppose that 𝐵 is another ideal of 𝑅, for which 𝐴̅ = 𝐵𝑆 with the property that 
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𝑆⋂𝑆𝑅(𝐵) = ∅. To show that, 𝐵 = 𝐴. Now, we have, 𝐵𝑆 = 𝐴𝑆. Let 𝑥 ∈ 𝐵. Then 
𝑥

𝑠
∈ 𝐵𝑆 = 𝐴̅, so that 𝑥 ∈ 𝐴. 

Hence, 𝐵 ⊆ 𝐴.  

Conversely, let 𝑥 ∈ 𝐴. Then 
𝑥

𝑠
∈ 𝐴̅ = 𝐴𝑆 = 𝐵𝑆, this implies that  𝑞𝑥 ∈ 𝐵, for some 𝑞 ∈ 𝑆. If 𝑥 ∉ 𝐵, then 𝑞 ∈

𝑆𝑅(𝐵). Which implies that 𝑆⋂𝑆𝑅(𝐵) ≠ ∅. Therefore 𝑥 ∈ 𝐵 and thus 𝐴 ⊆ 𝐵. Hence 𝐵 = 𝐴 = {𝑥 ∈ 𝑅:
𝑥

𝑠
∈

𝐴𝑆 = 𝐵𝑆}. 

Corollary 3.18. Let  𝑃 be a prime ideal of 𝑅. If 𝐴 is an ideal of 𝑅𝑃, then there exists a unique ideal 𝐴 = {𝑎 ∈

𝑅:
𝑎

1
∈ 𝐴} of 𝑅 with the property that 𝑆𝑅(𝐴) ⊆ 𝑃 and 𝐴 = 𝐴𝑃. 

Proof. Since 𝑃 is a prime ideal of 𝑅,  𝑅\𝑃 is a multiplicative system in 𝑅 and then by taking 𝑆 = 𝑅\𝑃 in 

Proposition 3.17, we have 𝑆𝑅(𝐴) ⊆ 𝑃 if and only if 𝑆⋂𝑆𝑅(𝐴) = ∅. If 𝑆𝑅(𝐴) ⊆ 𝑃, then 𝑆⋂𝑆𝑅(𝐴) =

(𝑅\𝑃)⋂𝑆𝑅(𝐴) ⊆ (𝑅\𝑃)⋂𝑃 = ∅. It follows that (𝑅\𝑃)⋂𝑆𝑅(𝐴) = ∅, so that if 𝑟 ∈ 𝑆𝑅(𝐴), then 𝑟 ∉ 𝑅\𝑃. Thus 

𝑟 ∈ 𝑃 and hence, we get 𝑆𝑅(𝐴) ⊆ 𝑃. By Proposition 3.17, there is a unique ideal 𝐴 of 𝑅 with 𝑆𝑅(𝐴) ⊆ 𝑃, 

where the ideal 𝐴 = {𝑥 ∈ 𝑅:
𝑥

𝑠
∈ 𝐴}, where 𝑠 ∈ 𝑆 = 𝑅\𝑃. We can take 𝑠 = 1 ∈ 𝑆 = 𝑅\𝑃. That means 𝐴 =

{𝑎 ∈ 𝑅:
𝑎

1
∈ 𝐴} is the required unique ideal of 𝑅 for which 𝑆𝑅(𝐴) ⊆ 𝑃 and 𝐴 = 𝐴𝑃. 

 

Some Properties of Faithful Locally Multiplication Modules 

     This section is devoted to prove some properties of faithful locally multiplication modules.  

We start this section with  the following result which states that:  Nonzero submodules of faithful locally 

multiplication modules over integral domains are faithful under certain conditions.  

Proposition 4.1. If 𝑀 is a faithful locally multiplication 𝑅 −module, where 𝑅 is an integral domain and 𝑁 is a 

non-zero submodule of 𝑀 such that 𝑆𝑀(𝑁) ⊆ 𝑟𝑎𝑑(𝑅), then 𝑁 is faithful. 

Proof. Let 𝑁 be any non-zero submodule of 𝑀 and 𝑃 a prime ideal of 𝑅. As 𝑅 is an integral domain and 𝑀 is 

faithful, by Proposition 3.1, we get 𝑀𝑃 is a faithful 𝑅𝑃 −module. Since 𝑀 is locally multiplication, we have 

𝑀𝑃 is a multiplication 𝑅𝑃 −module and also we have 𝑆𝑀(𝑁) ⊆ 𝑟𝑎𝑑(𝑅) ⊆ 𝑃. Now, 𝑁𝑃 is a submodule of 𝑀𝑃. 

If 𝑁𝑃 = 0, then by [10, Lemma 2.10], we get 𝑁 = 0 which is a contradiction, so that 𝑁𝑃 ≠ 0. Hence, by [13, 

Proposition 2.1], we get 𝑁𝑃 is faithful and as 𝑅 is an integral domain, by Proposition 3.1, we get 𝑁 is 

faithful. 

Proposition 4.2. Let 𝑀 be a locally multiplication 𝑅 −module such that 𝑆𝑀(0) ⊆ 𝑅𝑎𝑑(𝑅) and let 𝐴, 𝐵 be 

ideals of 𝑅 such that 𝑆𝑅(𝐵 + 𝑎𝑛𝑛(𝑀)) ⊆ 𝑅𝑎𝑑(𝑅). Then 𝐴𝑀 ⊆ 𝐵𝑀 if and only if 𝐴 ⊆ 𝐵 + 𝑎𝑛𝑛(𝑀) or 𝑀 =

((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴) 𝑀.  

Proof. Let 𝐴𝑀 ⊆ 𝐵𝑀 and 𝑃 be any maximal ideal of 𝑅. Then 𝑃 is prime. Since 𝑆𝑀(0) ⊆ 𝑅𝑎𝑑(𝑅) ⊆
𝑃, 𝑀𝑃 is a multiplication 𝑅𝑃 −module and 𝐴𝑃, 𝐵𝑃 are ideals of 𝑅𝑃 such that 𝐴𝑃𝑀𝑃 = (𝐴𝑀)𝑃 ⊆
(𝐵𝑀)𝑃 = 𝐵𝑃𝑀𝑃, so by [14, Theorem 9],  we get 𝐴𝑃 ⊆ 𝐵𝑃 + 𝑎𝑛𝑛(𝑀𝑃) or 𝑀𝑃 = ((𝐵𝑃 +
𝑎𝑛𝑛(𝑀𝑃)): 𝐴𝑃)𝑀𝑃. First, suppose that 𝑀𝑃 = ((𝐵𝑃 + 𝑎𝑛𝑛(𝑀𝑃)): 𝐴𝑃)𝑀𝑃 for all maximal ideals 𝑃 of 

𝑅. As, 𝑆𝑀(0) ⊆ 𝑃, by Proposition 3.10, we get 𝑎𝑛𝑛(𝑀𝑃) = (𝑎𝑛𝑛(𝑀))𝑃, so that we get 𝐵𝑃 +
𝑎𝑛𝑛(𝑀𝑃) = 𝐵𝑃 + (𝑎𝑛𝑛(𝑀))𝑃 = (𝐵 + 𝑎𝑛𝑛(𝑀))𝑃 and as 𝑆𝑅(𝐵 + 𝑎𝑛𝑛(𝑀)) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃, by 

Corollary 3.5, we get 𝑀𝑃 = ((𝐵𝑃 + 𝑎𝑛𝑛(𝑀𝑃)): 𝐴𝑃) 𝑀𝑃 = ((𝐵 + 𝑎𝑛𝑛(𝑀))
𝑃

: 𝐴𝑃) 𝑀𝑃 =

((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴)𝑃𝑀𝑃 = (((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴)𝑀)𝑃. From Corollary 3.7,  we get 𝑀 =
((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴)𝑀. Next, suppose that for some maximal ideal 𝑃 of 𝑅 we have 𝐴𝑃 ⊆ 𝐵𝑃 +
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𝑎𝑛𝑛(𝑀𝑃). Then 𝐴𝑃 ⊆ (𝐵 + 𝑎𝑛𝑛(𝑀))𝑃 and as 𝑆𝑅(𝐵 + 𝑎𝑛𝑛(𝑀)) ⊆ 𝑃. From Lemma 3.8, we get 

𝐴 ⊆ 𝐵 + 𝑎𝑛𝑛(𝑀). Conversely, suppose that 𝐴 ⊆ 𝐵 + 𝑎𝑛𝑛(𝑀) or 𝑀 = ((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴) 𝑀. Let 

𝑃 be any maximal ideal of 𝑅, so it is prime and hence, 𝑀𝑃 is a multiplication 𝑅𝑃 −module. Now, if 

𝐴 ⊆ 𝐵 + 𝑎𝑛𝑛(𝑀), then by Theorem 3.6, we get 𝐴𝑃 ⊆ (𝐵 + 𝑎𝑛𝑛(𝑀))
𝑃

= 𝐵𝑃 + (𝑎𝑛𝑛(𝑀))
𝑃

=

𝐵𝑃 + 𝑎𝑛𝑛(𝑀𝑃). Since 𝑀𝑃 is a multiplication 𝑅𝑃 −module, so by [14, Proposition 9], we get 

𝐴𝑃𝑀𝑃 ⊆ 𝐵𝑃𝑀𝑃 and then (𝐴𝑀)𝑃 = 𝐴𝑃𝑀𝑃 ⊆ 𝐵𝑃𝑀𝑃 = (𝐵𝑀)𝑃. By  Theorem 3.6, we get 𝐴𝑀 ⊆ 𝐵𝑀. 

If 𝑀 = ((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴) 𝑀, then 𝑀𝑃 = (((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴)𝑀)
𝑃

 = ((𝐵 + 𝑎𝑛𝑛(𝑀)): 𝐴)𝑃𝑀𝑃 =

((𝐵 + 𝑎𝑛𝑛(𝑀))
𝑃

: 𝐴𝑃) 𝑀𝑃 = ((𝐵𝑃 + 𝑎𝑛𝑛(𝑀𝑃)): 𝐴𝑃) 𝑀𝑃. Since 𝑀𝑃 is a multiplication 𝑅𝑃 −module, 

so by [14, Proposition 9], we get 𝐴𝑃𝑀𝑃 ⊆ 𝐵𝑃𝑀𝑃 and then we get (𝐴𝑀)𝑃 = 𝐴𝑃𝑀𝑃 ⊆ 𝐵𝑃𝑀𝑃 =
(𝐵𝑀)𝑃 and this last result is true for all maximal ideals 𝑃 of 𝑅, so by Theorem 3.6, we get 𝐴𝑀 ⊆
𝐵𝑀.  

     It is known that, if 𝑀 is a multiplication module and 𝑁 is a submodule of 𝑀, then 𝑁 = 𝐴𝑀 for 

some ideal 𝐴 of 𝑅. In the following result we prove that each prime submodule 𝑁 of a faithful locally 

multiplication module 𝑁 contains 𝑄𝑀 for some prime ideal 𝑄 of 𝑅 under some conditions.        

Proposition 4.3. Let 𝑀 be a locally multiplication 𝑅 −module. If 𝑁 is a prime submodule of 𝑀 such 

that 𝑆𝑀(0), 𝑆𝑀(𝑁) ⊆ 𝑅𝑎𝑑(𝑅), then there exists a prime ideal 𝑄 of 𝑅 such that 𝑎𝑛𝑛(𝑀) ⊆ 𝑄 and 

𝑄𝑀 ⊆ 𝑁. 

Proof. As 𝑅 is commutative with identity, it contains at least one maximal ideal 𝑃, then 𝑃 is a prime 

ideal of 𝑅, so that 𝑀𝑃 is a multiplication 𝑅𝑃 −module. Thus 𝑆𝑀(𝑁) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃. By [10, 

Proposition 2.21], we get 𝑁𝑃 is a prime submodule of the multiplication 𝑅𝑃 −module 𝑀𝑃. Hence, by 

[13, Theorem 2.3], there exists a unique prime ideal 𝑃 of 𝑅𝑃 such that 𝑎𝑛𝑛(𝑀𝑃) ⊆ 𝑃 and 𝑁𝑃 =

𝑃𝑀𝑃. Now, by [12, Corollary 3.11], there exists a prime ideal 𝑄 such that 𝑃 = 𝑄𝑃 and 𝑄 ⊆ 𝑃. As, 

𝑆𝑀(0) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃, by Proposition 3.10, we get 𝑎𝑛𝑛(𝑀𝑃) = (𝑎𝑛𝑛(𝑀))𝑃. Thus we get 

(𝑎𝑛𝑛(𝑀))𝑃 ⊆ 𝑄𝑃. Let 𝑥 ∈ 𝑎𝑛𝑛(𝑀), then 
𝑥

1
∈ (𝑎𝑛𝑛(𝑀))𝑃 ⊆ 𝑄𝑃, so that 𝑝𝑥 ∈ 𝑄 for some 𝑝 ∉ 𝑃. 

Obviously, 𝑝 ∉ 𝑄 and as 𝑄 is prime, we get 𝑥 ∈ 𝑄. Hence, we get 𝑎𝑛𝑛(𝑀) ⊆ 𝑄. Next, to show 

𝑄𝑀 ⊆ 𝑁. Let 𝑥 ∈ 𝑄𝑀, then 
𝑥

1
∈ (𝑄𝑀)𝑃 = 𝑁𝑃, so that 𝑞𝑥 ∈ 𝑁 for some 𝑞 ∉ 𝑃. If 𝑥 ∉ 𝑁, then 𝑞 ∈

𝑆𝑀(𝑁) ⊆ 𝑃 which is a contradiction. Hence, 𝑥 ∈ 𝑁, so that 𝑄𝑀 ⊆ 𝑁. 

     In the next two results we give some conditions under which the multiplication of prime ideals 

(maximal ideals) by faithful locally multiplication modules are prime submodules (maximal 

submodules).   

Proposition 4.4. Let 𝑀 be a faithful locally multiplication 𝑅 −module and 𝑃 a prime ideal of 𝑅 such 

that 𝑆𝑀(0), 𝑆𝑀(𝑃𝑀) ⊆ 𝑃. Then, 𝑃𝑀 is a prime submodule of 𝑀 if and only if (𝑃𝑀: 𝑀) = 𝑃. 

Proof. Let 𝑃𝑀 be a prime submodule of 𝑀. Since, 𝑀 is locally multiplication, we get that 𝑀𝑃 is a 

multiplication 𝑅 −module and since, 𝑆𝑀(0) ⊆ 𝑃, by Proposition 3.10, we get 𝑎𝑛𝑛(𝑀𝑃) =
(𝑎𝑛𝑛(𝑀))𝑃. Since, 𝑀 is faithful, so that 𝑎𝑛𝑛(𝑀) = 0, and hence, 𝑎𝑛𝑛(𝑀𝑃) = (𝑎𝑛𝑛(𝑀))𝑃 = 0𝑃 =
0, so that 𝑀𝑃 is a faithful 𝑅𝑃 −module and hence we get 𝑀𝑃 is a faithful multiplication 𝑅𝑃 −module. 

Since, 𝑆𝑀(𝑃𝑀) ⊆ 𝑃 and 𝑃𝑀 is prime, by Proposition 3.15, we get (𝑃𝑀)𝑃 is a prime submodule of 

𝑀𝑃, that is 𝑃𝑃𝑀𝑃 is a prime submodule of 𝑀𝑃 and since, 𝑃𝑃 is a prime ideal of 𝑅𝑃, (𝑃𝑃 is the unique 

maximal ideal of the local ring 𝑅𝑃), so by [13, Corollary 2.4], we get (𝑃𝑃𝑀𝑃: 𝑀𝑃) = 𝑃𝑃, that is 
((𝑃𝑀)𝑃: 𝑀𝑃) = 𝑃𝑃. As, 𝑆𝑀(𝑃𝑀) ⊆ 𝑃, by Theorem 3.4, we get ((𝑃𝑀)𝑃: 𝑀𝑃) = (𝑃𝑀: 𝑀)𝑃, so that 

(𝑃𝑀: 𝑀)𝑃 = 𝑃𝑃. Now, let 𝑥 ∈ (𝑃𝑀: 𝑀), then we get  
𝑥

1
∈ (𝑃𝑀: 𝑀)𝑃 = 𝑃𝑃, so that 𝑝𝑥 ∈ 𝑃 for some 

𝑝 ∉ 𝑃 and as 𝑃 is prime, we get 𝑥 ∈ 𝑃. Hence, (𝑃𝑀: 𝑀) ⊆ 𝑃. Next we will show that 𝑆𝑅(𝑃𝑀: 𝑀) ⊆
𝑆𝑀(𝑃𝑀). Let 𝑟 ∈ 𝑆𝑅(𝑃𝑀: 𝑀), then 𝑟𝑠 ∈ 𝑃𝑀: 𝑀 for some 𝑠 ∉ (𝑃𝑀: 𝑀), that gives 𝑟𝑠𝑀 ⊆ 𝑃𝑀 and 

𝑠𝑀 ⊈ 𝑃𝑀, so that there exists 𝑚 ∈ 𝑀 such that 𝑠𝑚 ∉ 𝑃𝑀, but then 𝑟𝑠𝑚 ∈ 𝑃𝑀. Thus 𝑟 ∈ 𝑆𝑀(𝑃𝑀). 

Hence 𝑆𝑅(𝑃𝑀: 𝑀) ⊆ 𝑆𝑀(𝑃𝑀) ⊆ 𝑃. Finally we will show that 𝑃 ⊆ (𝑃: 𝑀). Let 𝑥 ∈ 𝑃, then we get  
𝑥

1
∈ 𝑃𝑃 = (𝑃𝑀: 𝑀)𝑃, so that 𝑞𝑥 ∈ (𝑃𝑀: 𝑀) for some 𝑞 ∉ 𝑃. If 𝑥 ∉ (𝑃𝑀: 𝑀), then we get 𝑞 ∈
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𝑆𝑅(𝑃𝑀: 𝑀) ⊆ 𝑆𝑀(𝑃𝑀) ⊆ 𝑃 which is a contradiction, so that we must have 𝑥 ∈ (𝑃𝑀: 𝑀). Hence, 

𝑃 ⊆ (𝑃𝑀: 𝑀) and thus we get (𝑃𝑀: 𝑀) = 𝑃.  

Conversely, suppose that (𝑃𝑀: 𝑀) = 𝑃. If 𝑃𝑀 = 𝑀, then (𝑀: 𝑀) = 𝑃 and as 1 ∉ 𝑃, we get 1 ∉
(𝑀: 𝑀). This gives that  1. 𝑀 ⊈ 𝑀, that is 𝑀 ⊈ 𝑀, is a contradiction, so that 𝑃𝑀 ≠ 𝑀, that is 𝑃𝑀 is 

a proper submodule of 𝑀. Next, let 𝑟𝑥 ∈ 𝑃𝑀, where 𝑟 ∈ 𝑅 and 𝑥 ∈ 𝑀. If 𝑥 ∉ 𝑃𝑀, then 𝑟 ∈
𝑆𝑀(𝑃𝑀) ⊆ 𝑃, that means, 𝑟 ∈ 𝑃. Hence, 𝑟 ∈ (𝑃𝑀: 𝑀), that gives 𝑟𝑀 ⊆ 𝑃𝑀. Thus 𝑃𝑀 is a prime 

submodule of 𝑀. 

Proposition 4.5. Let 𝑀 be a locally multiplication 𝑅 −module and 𝑃 a prime ideal of 𝑅 such that 

𝑆𝑀(𝑃𝑀) ⊆ 𝑃. If 𝑃𝑀 is a maximal submodule of 𝑀, then (𝑃𝑀: 𝑀) = 𝑃. 

Proof. As 𝑃 is a prime ideal of 𝑅, we have 𝑀𝑃 is a multiplication 𝑅𝑃 −module. As 𝑃𝑀 is a maximal 

submodule of 𝑀 and 𝑆𝑀(𝑃𝑀) ⊆ 𝑃, by Proposition 3.16, we get (𝑃𝑀)𝑃 is a maximal submodule of 

𝑀𝑃, that is, 𝑃𝑃𝑀𝑃 is a maximal submodule of the multiplication 𝑅𝑃 −module 𝑀𝑃. Since, 𝑃𝑃 is a 

maximal ideal of 𝑅𝑃, (in fact, 𝑃𝑃 is the unique maximal ideal of 𝑅𝑃 since 𝑅𝑃 is a local ring), so that 

by [13, Corollary 2.5], we get (𝑃𝑃𝑀𝑃: 𝑀𝑃) = 𝑃𝑃, which gives ((𝑃𝑀)𝑃: 𝑀𝑃) = 𝑃𝑃. Since, 𝑃𝑀 is a 

maximal submodule of 𝑀, so it is proper in 𝑀 and as 𝑆𝑀(𝑃𝑀) ⊆ 𝑃, by Theorem 3.4, we get 
((𝑃𝑀)𝑃: 𝑀𝑃) = (𝑃𝑀: 𝑀)𝑃, so that we get (𝑃𝑀: 𝑀)𝑃 = 𝑃𝑃. Since  𝑆𝑅(𝑃) = 𝑃 ⊆ 𝑃, so by [7, 

Lemma 4.8], we get (𝑃𝑀: 𝑀) ⊆ 𝑃. Conversely, let 𝑥 ∈ 𝑃. Clearly we have 𝑥𝑀 ⊆ 𝑃𝑀, so that 𝑥 ∈
(𝑃𝑀: 𝑀) and thus 𝑃 ⊆ (𝑃𝑀: 𝑀). Hence, we get (𝑃𝑀: 𝑀) = 𝑃.  

     Next, we prove that  a faithful locally multiplication are finitely generated under certain 

conditions. 

Proposition 4.6. If 𝑀 is a faithful locally multiplication 𝑅 −module with 𝑆𝑀(0) ⊆ 𝑅𝑎𝑑(𝑅), then the 

following statements hold. 

(1) If 𝑆𝑀(𝑁) ⊆ 𝑅𝑎𝑑(𝑅), for every finitely generated submodule 𝑁 of 𝑀, then 𝑀 is finitely 

generated. 

(2) 𝐴𝑀 ≠ 𝑀 for any proper ideal 𝐴 of 𝑅 with 𝑆𝑅(𝐴) ⊆ 𝑅𝑎𝑑(𝑅). 

Proof. As 𝑅 is commutative with identity, it contains at least one maximal ideal say 𝑃 which is also 

prime and so that 𝑀𝑃 is a multiplication 𝑅𝑃 −module. Since, 𝑆𝑀(0) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃, so by 

Proposition 3.10, we get 𝑎𝑛𝑛(𝑀𝑃) = (𝑎𝑛𝑛(𝑀))𝑃. When  𝑀 is faithful, we get 𝑎𝑛𝑛(𝑀) = 0, and 

hence, 𝑎𝑛𝑛(𝑀𝑃) = (𝑎𝑛𝑛(𝑀))𝑃 = 0𝑃 = 0. Thus 𝑀𝑃 is a faithful multiplication 𝑅𝑃 −module. 

(1) By using [13, Theorem 2.6], we get 𝑀𝑃 is finitely generated, so let 𝑀𝑃 = 𝑅𝑃
𝑚1

𝑝1
+ 𝑅𝑃

𝑚2

𝑝2
+ ⋯ +

𝑅𝑃
𝑚𝑘

𝑝𝑘
, where 𝑚𝑖 ∈ 𝑀 and 𝑝𝑖 ∉ 𝑃 for 𝑖 (1 ≤ 𝑖 ≤ 𝑘). By [9, Corollary 2.9], we have 𝑀𝑃 =

(𝑅𝑚1)𝑃 + (𝑅𝑚2)𝑃 + ⋯ + (𝑅𝑚𝑘)𝑃 = (𝑅𝑚1 + 𝑅𝑚2 + ⋯ + 𝑅𝑚𝑘)𝑃. Since, 𝑅𝑚1 + 𝑅𝑚2 + ⋯ +
𝑅𝑚𝑘 is a finitely generated submodule of 𝑀 with the generator set {𝑚1, 𝑚2, … , 𝑚𝑘}, so that 

𝑆𝑀(𝑅𝑚1 + 𝑅𝑚2 + ⋯ + 𝑅𝑚𝑘) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃 and 𝑀𝑃 ⊆ (𝑅𝑚1)𝑃 + (𝑅𝑚2)𝑃 + ⋯ + (𝑅𝑚𝑘)𝑃. Then  

by [7, Lemma 4.8], we get 𝑀 ⊆ 𝑅𝑚1 + 𝑅𝑚2 + ⋯ + 𝑅𝑚𝑘, from which we get that 𝑀 = 𝑅𝑚1 +
𝑅𝑚2 + ⋯ + 𝑅𝑚𝑘. Hence, 𝑀 is finitely generated. 

(2) Suppose 𝐴𝑀 = 𝑀,  for some proper ideal 𝐴 of 𝑅 with 𝑆𝑅(𝐴) ⊆ 𝑅𝑎𝑑(𝑅). Then 𝐴𝑃 is an ideal of 

𝑅𝑃 and 𝑆𝑅(𝐴) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃. Now, we have 𝐴𝑃𝑀𝑃 = (𝐴𝑀)𝑃 = 𝑀𝑃. Since  𝑀𝑃 is a faithful 

multiplication 𝑅𝑃 −module, the ideal 𝐴𝑃 is not proper in 𝑅𝑃. Therefore 𝐴𝑃 = 𝑅𝑃. Clearly 𝑅𝑃 ⊆ 𝐴𝑃, 

so by Lemma 3.8, we get 𝐴 = 𝑅, which is a contradiction. Hence, 𝐴𝑀 ≠ 𝑀 for any proper ideal 𝐴 

of 𝑅 with 𝑆𝑅(𝐴) ⊆ 𝑅𝑎𝑑(𝑅). 

     Now we give some conditions which make a submodule of a faithful locally multiplication 

module a product of a largest ideal in 𝑅 by the module.  

Proposition 4.7. Let 𝑀 be a faithful locally multiplication 𝑅 −module and 𝑆𝑀(𝐼𝑀) ⊆ 𝑅𝑎𝑑(𝑅) for 

every ideal 𝐼 of 𝑅. If 𝑁 is a submodule of 𝑀 such that 𝑆𝑀(𝑁) ⊆ 𝑅𝑎𝑑(𝑅), then there exists a largest 

ideal 𝐴 of 𝑅, (in the sense of inclusion), such that 𝑁 = 𝐴𝑀. 

Proof. Let 𝑁 be a submodule of 𝑀. As 𝑅 is commutative with identity, it contains at least one 

maximal ideal say, 𝑃 which is also prime. Thus 𝑀𝑃 is a multiplication 𝑅𝑃 −module. Since, 

𝑆𝑀(𝐼𝑀) ⊆ 𝑅𝑎𝑑(𝑅) for every ideal 𝐼 of 𝑅, so by taking 𝐼 = 0, we get that 𝑆𝑀(0) = 𝑆𝑀(0𝑀) ⊆
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𝑅𝑎𝑑(𝑅) ⊆ 𝑃. By Proposition 3.10, we get 𝑎𝑛𝑛(𝑀𝑃) = (𝑎𝑛𝑛(𝑀))𝑃. As, 𝑀 is faithful, we get 

𝑎𝑛𝑛(𝑀) = 0, and hence, 𝑎𝑛𝑛(𝑀𝑃) = 0. Thus  𝑀𝑃 is a faithful multiplication 𝑅𝑃 −module. Since 𝑁𝑃 

is a submodule of 𝑀𝑃, by [13, Theorem 2.8], there exists a unique ideal 𝐴 of 𝑅𝑃 such that 𝑁𝑃 =

𝐴𝑀𝑃. From Corollary 3.18, there exists a unique ideal 𝐴 of 𝑅 with the properties 𝑆𝑅(𝐴) ⊆ 𝑃 and  

𝐴 = 𝐴𝑃. Thus 𝑁𝑃 = 𝐴𝑃𝑀𝑃 = (𝐴𝑀)𝑃 and since we have 𝑆𝑀(𝑁) ⊆ 𝑅𝑎𝑑(𝑅) ⊆ 𝑃 and 𝑆𝑀(𝐴𝑀) ⊆
𝑅𝑎𝑑(𝑅) ⊆ 𝑃, so by [7, Lemma 4.8], we get 𝑁 = 𝐴𝑀. If 𝐵 is any other ideal of 𝑅 such that 𝑁 =

𝐵𝑀, then 𝐴𝑃𝑀𝑃 = 𝑁𝑃 = (𝐵𝑀)𝑃 = 𝐵𝑃𝑀𝑃, and by the uniqueness of the ideal 𝐴 of 𝑅𝑃 for which 

𝑁𝑃 = 𝐴𝑀𝑃, we get 𝐵𝑃 = 𝐴 = 𝐴𝑃. Hence 𝐵𝑃 ⊆ 𝐴𝑃. Since 𝑆𝑅(𝐴) ⊆ 𝑃, by Lemma 3.8, we get 𝐴 is a 

maximal ideal of 𝑅. 
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